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Global existence and blow-up for parabolic system
with localized source

LIN Zhiqgiang
( Fuzhou Institute of Technology s Fuzhou 350506, China )

Abstract: In this paper, we discuss the following weakly coupled degenerate and singular parabolic equations
with localized source u, — (xu,), = e"*o@hneleg @t by (gby ), = ebuloo @ 0Favlao 0 4n (0,4) X (0,T)
with homogeneous Dirichlet boundary conditions, where x,(z) : R"— (0,a) is Hélder continuous, T <L ©©, a
(a > 0) are constants, m,n.p.q are positive real numbers anda,8 €[0.2). The existence of a unique classical
non-negative solution is established and the sufficient conditions for the solution that blow-up in finite time are

obtained. We also obtain the blow-up rate under the conditiona = 3.

Keywords: upper and lower solutions; localized source; blow-up; blow-up set; blow-up rate estimates
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xu, — (2u,), =v"(xost) s (xst) €(0,a) X (0,T);
x22u, — (2P0.), =u'(xo5t)s (xst) €(0,a) X (0,T),
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u, — (-I‘/g'UJ.)J. :Juu/’(f,t)e‘”'(‘“') dl‘a (fat) & (O aa) X (O,T).
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w, — (xu,), =" o 0l @.0 = 0 e (0,a), t > 03

v, — (2fv,), = el @it e e (0,a), t > 03

u(0,t) =ula,t) =v(0,t) =vlast), t >0;

u(x,0) =uo(x), v(x,0) =v,(x), = € (0,a).
H, 2,(t) : RT—>(0,a) & Holder LAY ; WIE wo (2) »0, (2) €CP7([0,a]) 7y € (0,1 B AAEHRIE
SERLeR B I L R B R sman p g BIEEE; T>05a> 03,8 €[0,2), NEE. S D=(0,a),
Q,=DX0,t], DM Q, BHXE. 4 28T 0mt, w, vu,, Mo, v, WEREATEET 0sH oo, N
(D ZER A 5 1.
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HNAEG KA — N LS B R AR A BB 400 I R 28 () 8 (1) B BB A B S & L.
1 hERERE

R 1D AR O Mg A e — e E g (D R g E L.
EX 1 HRIEFERE (ulx,0) olx ) R B L, R w0 0 .0)) €[C0,a]X [0,
) N C*'((0,a) X (0, T))]* Hili &2
u, — (xfu,), = em oot (1) € (0,a) X (0, T);
v, — (xfv,), = el 0ttn0 () € (0,a) X (0,T);
u(0,t) =0, uCast) =0, v(0,t) =0, v(a,t) =0, t €0,T);
w(x,0) = u(x), v(x,0) =v,(x), x €[0,a].
FAUHh, W (w0 so(a ) €LCL0,a] X [0,T)) N C* ((0,a) X (0,T)) 17 T AL [ 85 (2) (14 B 7] A
A2 U FR R A 1) (L) 1T .
BII1 2 (0, () G=1,2)4 A (ae ()0, 0. (o (1)) (i=1,2) J& & XFEL0,r] I HyE gLk
BRE H - € (0., 4 (ula ) so(a,)) €[CQ,) N CHHQ) TP AL
u, — (@u), = p (O (o (O sDulxo () st) + v, (D0, (a0 (1) s vz () 51 s
(x,t) €(0,a) X (0, T);
v, — (2Pv,.), = e (DA, (2 () D v(xo (1) 1) + v, (D)0, (2o () D ulxo (1) 51
(x,t) €0,a) X (0, T);
u(0,t) =0, ulast) =0, v(0,t) =0, vlast) =0, t €0,T);
u(x,0) =0, v(x,0) =0, x €[0,a],
MAE ulx,t) =0, volx,t) =0, (x.t) €[0,a] X[0,T).
EB IR o) z(a,0) €LCWQ) N CHH Q)T T .
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w, — (Z'w, ), = i (DA (2o () s D w(xe (1) 1) +vi (D0, (2o (1) 512 (a0 (1) 52 5
(.Tyt) 6 (Oaa) X (OaT)'
2, — (2P2.), = po (DA (20 () D 2 (g (1) 48) F v, ()0, (2o (1) s D w(ay (1) 1)

(€D
(x,t) € (0,a) X (0, 1);
w(0,t) =0, wla,t) =0, 2(0,£) =0, z(a,t) =0,t € 0,T);
w(x,0) >0, 2(x,0) >0, x €[0,a],
|
wlx,t) =0, z(x,t) =0, (x,0) €0,. D

L w(a,t) =ulz )+ e’ 2(a,t) =vlx ) +pe’ s H gy = 0) F53/IN, CRFFE R HEG N Q, i1
B A wlx,t) >0,2(x.t) >0, H
w, — (x*w, ), — 1 DA (2o (D) s Dw(xg (1) 52) —vi (D0, (2o (1) )2 (xo () 58) =
ne’ (e — i (DA (2o (1) 1) —vi (D0 (o (1) 51)) 5
—(2P2,), — 2 (DA (2 (1) D2 (a0 (1) 1) — v, (0, (20 (1) D) w(x, (£) 42) =
ne’ (e — 2 (DA, (a0 (1) 5 ) — v (D0, (x0 (1) 52)).
Lo = max [pe1 (DA (o (D 50) +vi (DO (2o (D s8] 5 2 = max [t (DA (o (O 58) + v, (D0, (2o () 51 ]

FFE c =max [cr,c.] > WG X 78, wlx,0) >0, 2(x.t) >0, (x,t) €[0,a] X [0,r]. H
> 0" WA w(a,0) =0, v(a,0) =0, (2,0 €[0,a] X[0,r]. FRYE r € (0. T) WAEETER 2 1
J5 Ry
SIFR 2 BUE (ws) RMED WEHEGRR A7 R (a0 2(x,0)) € [CQ) N CH Q) T 2
w, — (2w, ), = (e @ 0in=lre@ (3 1) € (0,a) X (0,7);
2, — (2f2.), = (LDertro@0trwleo@:0 (2 1) € (0,a) X (0,r);
u(0,0) = (=0, ula.t) = (=0, v(0.1) = (=)0, vla.t) = (=)0, t € (0,r);
wu(x,0) = (QDup(x)s v(x,0) = (Dov(x)s x €[0,a],
W Golxat) s z(x.0)) = (<O (wlx,t)svlxst)), (x,t) €E[0,a] X [0,T). G Hre0,T).
IERR B SGIEMC =7 IE . 2 ¢ (xh0) =w(a.0) —ulz )y ¢y (xst) ==z(x ) —o(xat), T
F2(5) Y22 A1) AR 5 (2 B

¢ _ (xa¢h) > emuvmo(z).r)+71:(10(t>.1) _ emumo(z).r)+n'u(fo(t>.z) :emuvmo(z).r)+71:(10(t>.1) _

5

muCxy (0 O+nz (g (0.0 + emu(;lo(/),1)711':(.10(1%/) muCxy (0 O+nolag (0.0 :eﬂz(.lo(/)-l) [emw(.lo(l)./) _ e/”ll(.lo(/)-l):l +

€
emu(.r()(t)-t> [enz(.r()(n,r) _ ezz'u(.l'()(t)-t>:| — ezzz(.z-()(z),z) me™n ¢1 (IO (Z) ,Z) + emu(.x-()(z),z) ne'n: sz (10 (Z) ’[) —

M (t)Al (I() (t) 9t>¢1 (.T(J (t) ’t) + Vi (t)ﬁl (I() (t) ’t)¢2 (I(J (t) ’If) ’

¢2r . (xﬁséh)r > eq-:(,ro(r).r)+p?n(,ro(l)-r) _ eq’z,'(l'o(r)-,t)+/>u(1’0(l>-,r) :eqz(.ro(l).r)+/mv(10<r).,r) .

— e

e/)u'(.ro(f).l) tqolxg (0.0 + epuv(.z-()(z).m\qu(.ro(z).z) . eqv(.z-()(n.n\pu(.z-()(n.n — (eqz(.z'[)(l).z) _ eqv(.z'“(l).z) ) GIJW(I”“)'” +

(ePetrot ) — gpulro Dy quulro 0 — opwlro D0 geaia g, (20 (1) 42) 4 0 pefT gy (2, () ,2) =t
22 (OA (2o ()3 o (o (1) 51 + v (D0, (2o () 5t) by (0 () 51D
Hor gy By 2w Bl BOHRIE ., 9 F gy S o B2 BOPRAME. B BB T g0 () BT o (oat) TR
1, — (Z¢1. ) = i (OA (2o (D) 50 1 (xo () 58) + 1 (D0 (xo () 58 ¢ (2 () 51)
(x,t) € (0,a) X (0,r);
b — (P00 = 1 (DA, (g (1) ) o (o (1) 51) + v, ()0, (o () 51 ¢y (o (2) 51D
(x,t) € (0,a) X (0,7);
$1(0,2) =0, ¢ (ast) =0, $,(0,2) =0, ¢y(ast) =0, 1 € (0,r);
¢ (x,0) =0, ¢,(x,0) =0, x € [0,a].
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Xﬂ‘ﬁ:%’frE(O,T), Eﬁglfﬂliﬂ(y’n (l"t)sgéz(l"f)) > (O’O)’E?LJE[OQ@]X[O’T) J_‘ﬁw(x,t) 2
ulz ) (e 0) = ola,0) W7 BMIEM 5% = B9 L1, dc ms. 25 b 51 2 2 134E.

2 R R BRI

t
emu(,x'()(.\).,\)71117(,1'0(.\).3) dS, ZL —u + Co , 'U(I 7Z) — ‘U(t) — J e/)u(.10<3)-.\)+(]U(.1(7(A)-.\) dS,
- - - 0

B w0 = ul) = j
0

v =0v+Co» Ji C = luo | + [lwo [ X ¢ KT

muCay (0 D4no g (050

u,— (2'u,), =u, — (2u,), =e =u, — (xu,),,

(g (D D+qulxg (D) f
pulay (D) D+qouleg (D).t *U[*(Ir?”l}l-)l.

v, — (xfv,), =v, — (2Pv,), =e
Ijily‘j l;t(:l'vo) :O<uo(‘r) <;{(I ’O)y y(I ’O) :O<'Uo(x) <€}(‘I 90) ] mu*ﬁ*ﬁ%ﬁ)ﬁlﬂﬂ%n’ﬂg(uyv)
B A < u<uMo<o<ov 5, ul®) <ulaxo@,t) <ult), v(t) < ovlx,(),t) < 0.

EE1 BOE (o) JZERIRNCD ARG G o) 7EAT BRI 2R A, FLEBRBAE 4 (0,a).

"LIEHE FH (u,‘v) 2 (u,'v) ﬁ: u, = emu(.z-(,(t).z>~nv(.z-0<z).t) > e1115(1)+713(1) 2 enﬂ(t)’ t > O; v, =

e/”‘(l’o(’)~’)+(1'"(~1’n(’)~’> 2 epi(r)+qﬂ(t> > e/)ﬁ(t) , L > 0’ FJ-T‘I/H\ (g + E/)z 2 ekg(r) + eki(’) > Zek(ﬁJrz)/Z R /H\:,:P k —
~ : y —Cuto)/ R —kutor: ; . e

min (. p) AT — (4702) = 0 e (o), = o > 0.6 ERAR R 0 B ¢ ST BU

A << C, —Coe " 00" O RGEREH (wto) EHBREEN. Bl o <<u, v<oAHl, (u,v)
A BRI [R] A, HAR A (0.a).

3 BRHRRIRWE

T UE B TR) (1) F fifp A7 T 4 Jay BRI R A L A SO -
(H) 0(,/3 € (0,D, Exﬂ‘ﬂ:#ﬁ M, # M, ﬁ(-rau().r).r <M, (x0,), < M;, x € (0,a).

LTI TR ulx o) sola ) BB R], JF H A gy (1) =em o 0mmetoton DGy (e) :J[ g1 (s)ds;

t
g0 ([) — e/)u(,z-()(z).1)+qu(10<1),1) , G2 (Z) :j g (S)dé
0

I3 3 AR (HD) B, W e 8D ff# (ula ) sola ) iR
(x'u,), < M,, (z%,), < M,, (x,0) € (0,a) X (0,T). (6)
IERR 53 3 A93E B 5 SCER 8] i A UE B 2R AL, oms.
SIIE 4 AR (HD) AL, FHBE M (D AR (uCa s o) soCa ) FEA BRIFZ) T [ b gk, )
}Ln;Gl(z) =0, %LI’I;GZ([) =00,
IERR PGB 4 MUER] 5 SCERES T i TE B S ARL L s
SIS A (H) WML IFEE M D B o) oo ) FEA BB ZI T [5] i , )

lim (S =1 im e = @

TEALE T [c.d] C (0,a) —FUNAL.

ERR PS5 (WUE B 5 SCER8 ] Hr Ay ik B 2 AR,

FIE 2  BRE (u,v) BN AIEFE, W LT 48 mor .

DY p=m,n=qbf,u o [FEE;

(DY p<<m.n=qW . 8H p=m, n<qW,uFlo NFE L.

R D BE w FEA BRI 2] T 80,1 v 76 (0,a) X (0, T) FARFEE R, W T 5 X F7E0,a0) ERAT
BTE 83U
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Gy (1) =g, (1) = @0l 00~ qmG by 020 1y Ty
Gy (1) = g, (1) = el 0 Have 00 o260 5oty 00 Ly T
T wo ()0, (@) oo, 0) J2(0,a) X (0, T) [ BYA FEAE 7 R, B UAETE 4 A IE A SR8k, (0
i=1,2,3,4, H[EBAH
by (De" ' < G < by (e, 1 —> T
ks (D e? 0 < Gy () < by (0!, 1 —> T, €))
X (8) 1
omi i < 4G (@) <: k(O pmeyo |

koe =46 (0 Sk () ©
Sy = it S 0 ) (04 < < T) BRERO) HEATRUR TR
t 0. 2
ki“’ [e(p m Gy (ty) _e(/J zn)(}l<rl)]<G2([z) _Gz(ll)’ P > m; (10)
p—m
ko(Gl(tz Gl(tl)) G (Z‘))iGz(tl) p—m (11)

E%@ugawwﬂaéﬁumﬁﬁun¢WQAVLMﬂ%u9@uﬁmaﬁﬁﬁﬁﬁw>ﬂ
o(xst) — v, () :J’ (v, (x,5)),dt =G, (), (x,t) € (0,a) X (0,T)
ﬂﬁhmhﬁﬁﬂmZK%ﬁﬁﬁﬁvE®m)X@JWLﬁﬁm%E.
BE v FEABRET 20 T 307, w 75 (0,a) X (0, T) BARFFA Y n = g BRI LT LR i 77 ik n]
B o Moo [6) B,

D BARFIE p<<m Mn = q HELH. RE o 7EA R 20 T B, 0 i B 1 Al 4
u :Cmu(xo(/).t)+nz(.zo(l)./) > Cmﬁ(l)‘ﬁli(l) , 1 e (O,T);

v, = epu(zu(z) O+qulxy (0.0 > pulD+qol) , 1 6 (O,T). (12)
= ~ - ~ ZH
z/:v_(m’ u=u—=C, T%ﬁfﬁ

@M uOFCOFADFCY) — ntmCy gmuFnv® |y = (0, T)

U =u, <
v, :;J: < ep<5(1)+co)+q(g(z)+(‘o) :e<p+q)(*O epi(/%#qz(l) .t 6 (O,T) (13)
du
EET :Et:(12> ;Fu(lg) T’f?—f Ce(m*p>ﬁ+(nﬂ1)3 < di; < Ce(m*p@Jr(ufq)ﬂ s t 6 (O,T) , EI]
ce”" 0 dy < e du << Ce" P%dv, t € (0,T). (14)
M op<<m Fln > q W76 [0,] X (14) HEAT RS 7] 45
. 1
(e ) (e = 1) € 0T, (15
n—q (e ) b — (e )
WHu<u<ut+Con v<<ov<<v+C, FTLIA « WAER A2 T S0, 02 ¢ T T BEARSE 5

B J& I LA w v AS [6] B 45 1
M p<mHn= ¢ght,KAD FENT cdo<< e ™4du < Cdo, ¢ € (0, 7). SFiZ M 0 B ¢ FHA7 015

co(D) < jwﬁWWw—lyte<me (16

HT bR GE T AT AT, 2R o Ao R A FRISEZ2) T g, ) el AN S5 0160 mIHE I o8 & L BT L w Al o AN TR]
FEWE. 2 p =m0 << q B CRPURAEIY T3k T A5 2 o o AN R HR A 25 F 52 21 2 1330

4 REBREEE

EIE 3 BE (w.o) BRED A d 3%, H (u,o) ZEA BRI T 8%, 5 o, € (0.1) BXT T H %
M1 ﬂ] Mg ﬁ(lauof)f <M1 ’ (x° ‘UOJ-)J <M2’ xX 6 (O’a)v )n\'J_FﬁlJénlbka_
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N m ulz,t)  _ n—gq . v(x,t) _ p—m
O H p=m=0Hn=>q= 00 W lim g o= o I o 0T =y — g’
.. N — I—" M(Iat) 1 . U(fvt) :i‘
G 5 p=m=0Hn=q= 000 i o T = M Tt =0T ¢

Nz — >~ l—” u(fyt) 1 ‘U(Iaf) _ 1 A
Gi) 5 p=m =0Hn>q= 00 lim G = }lzrrlln\ln(T—t)\ m—
(iv) Y p=m = oan*q 0 I, T%faé&u(/>o>ﬁ

—cln(T—1) —C< ulx,t) <—CIn(T—0)+C, x € (0,a), t > T;

—cln(T—8) —C<KL v(xst) <—CIn(T—8t)+C, x € (0ya), t > T.
ERA @ 2 AIEM AT w Ao FETR — 2 T Bk, g3 5 a5

m n Vi q
lim D) g v ) ) e 0D g an
1 G (1) ~1 Gy (1) 1 GV (1) 1T GY(1)
u(Tvt) U(Iat)

~ ’ < ~ 3 1

‘<G w =C'=Gon (1s

(;/1 (f) =g, (t) :e//'lu(xo(/).1)+uv(10(Z)-,{) ~ e/;zGl(1)+r:Gz(1) , [ —> T; (19)

Gé(l‘) :gz(t) :epu(1-0(r).r)+qv(‘z>n(t).r) % ep(}l(z)+q(22(z) , L —> T. (20)

A= (19) F=20) w71

dG, (1) _ e 06w

dG;m ~ (jp,,,,mlm st T. 21)
DN WEADRIIE

i1~ [(p_m)} etrmG > T (22)

(n—q)
e [7(71—(1) :|”qu((/::l;'>)‘ﬂ“> , t—>T. (23)
(p—m)

BHhxa8) .20, 22) F1x(23) 15

n n_
G’l (1) o2 eMC1 W6y ~ (G @ ':((17)7 — q))]lf oL =Gy |:((17)7 — C])):'w r{en/l;*/{;r«'j(;l(” ,t— T; (24)
—m —m

_p_ _p_

Gy (1) 2 P61 (0HG 0 ~ a6y |:(,b *M):l” " GGy (0 — |:(P *WI):‘” "Gy T (25)

(n—q) (n—q)
y g p G, @ n—q . G, (@) p—m
0 [ 0/ = —
@, T) EXF24),(25) AT 15 . 111’1’1 ‘ln(T—t)‘ mq /»F ‘IH(T—Z‘)‘ —mq’
07 RIS 4598 (D 8T,
i H(8) 1%
L omao ~ 6,0, > T (26)
p—m

RIS (26) F1(20) 18 G (1) o= er@ @0 Ta (0 ~ (P—7n)ﬁe"(;z“)Gz(z)pflff. . T) EXF EHE TR
LEt

T
J 7"(’“G2(s)/ dG;(s)N(p*m)/* (T—0), t > T. 27)

5 g > 0, B | e 06, (05 dGy (o) SBIREHY  lim | e #0206, (075G, () =0, LRI HE R3]

o,
J e Triadr e, Gﬁ ] ]

G, . — € “ U .
————— = lim = — = lim ———————— =", ffllf
e G GL Gy = p:ijnGg—m e 402 qef"(’é GL Gy ; f - Gz] +q q

lim

Gy —>eo
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T —P - —r
J ¢ Gy ()7 dG, (5) = %e O Gy ()it T, (28)
m=27) A (28) [
éewﬁz(”@(nﬁ ~ (p—m)i(T—1), t —T. (29)

M2 AT Y 1 — T v (xt) ~ Gy (1) Fibh e 00w )i 2= q(p—m)ra(T—1)s t — T,

B lim 7“0 o(x o t)in (T — 1) :%uy—mwf’in, t—>T. M n=qght,v(z.t) ~G, () E0.a) WITET
t—>T

a7, Hi R 2e) M (29) A,

. _r_ L
Y = (p—m)i Gy (), t —> T;

1620~ %(p—mwf’?nGZ(z)ﬁ(T—f)*, { > T.
HEk 2 AT A G (1) o efGi0 60 ~ %(T— Dt T AE 0. L% 2 47 B4 A

G, (1) ~ %mT— Dt T.FHR fln=q > 0 AAILEE G FHE.
i) GiD) PYIEI 5 GD AYIE B 2E0L, ok
iv) B p=m=0,n=¢g=0 M0 A7 co@®) <ul®) <Co@®). HH o) <uv(x,t) <o)+
Co E‘l‘ﬁ%& Cle«?w(r) < yz(lf) < Cletzvm. X‘TJ:J—K}J\ t @J T iFR/ ﬁ%
—eIn(T—1) —C<v(t) <—CIn(T—1) +C. t €0,T. (30)
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