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摘要:在齐次狄利克雷边界条件下讨论了带有局部化源的弱耦合退化奇异抛物型方程组ut -(xαux)x =
emu(x0(t),t)+nv(x0(t),t),vt-(xβvx)x =epu(x0(t),t)+qv(x0(t),t)的爆破性,其中x0(t)∶R+→ (0,a)是 Hölder连续的,

T≤ ∞,a(a>0)是常数,m、n、p、q是正实数,α,β∈[0,2).利用上下解的方法得到了上述方程组的非负古典

解的存在性和解在有限时刻爆破的充分条件,并得到了α=β条件下的解的爆破速率.
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Abstract:Inthispaper,wediscussthefollowingweaklycoupleddegenerateandsingularparabolicequations
withlocalizedsourceut-(xαux)x =emu(x0(t),t)+nv(x0(t),t),vt-(xβvx)x =epu(x0(t),t)+qv(x0(t),t)in(0,a)×(0,T)

withhomogeneousDirichletboundaryconditions,wherex0(t)∶R+→ (0,a)isHöldercontinuous,T≤ ∞,a
(a>0)areconstants,m,n,p,qarepositiverealnumbersandα,β∈[0,2).Theexistenceofauniqueclassical
non-negativesolutionisestablishedandthesufficientconditionsforthesolutionthatblow-upinfinitetimeare
obtained.Wealsoobtaintheblow-uprateundertheconditionα=β.
Keywords:upperandlowersolutions;localizedsource;blow-up;blow-upset;blow-uprateestimates

0 引言

在文献[1]中,作者研究了带有固定局部化源的抛物型方程组

 
xγ1ut-(xαux)x =vp(x0,t),(x,t)∈(0,a)×(0,T);

xγ2ut-(xβvx)x =uq(x0,t),(x,t)∈(0,a)×(0,T{ ),
得到了该方程组唯一非负古典解的存在性以及解的全局存在性的充分条件和该方程组在有限时间解的

爆破性,并证明了在某一适当的条件下解的爆破集是整个区域.在文献[2]中,作者研究了如下带有非

局部源的抛物型方程组:
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ut-(xαux)x =∫

a

0
vn(x,t)emu(x,t)dx,(x,t)∈(0,a)×(0,T);

ut-(xβvx)x =∫
a

0
up(x,t)eqv(x,t)dx,(x,t)∈(0,a)×(0,T)

ì

î

í

ï
ï

ï
ï .

作者得到了该方程组局部解的存在唯一性,并用上下解的方法得到了该方程组解的整体存在性和有限

时刻爆破的充分条件.在文献[3]中,作者研究了带有局部源的抛物型方程整体解的存在性和解的爆破

性.在文献[4]中,作者研究了带有非线性局部源的抛物型方程组解的一致爆破模式和边界层问题.在
文献[5]中,作者研究了带有局部源的渗流方程整体解的有界性.在文献[6]中,作者研究了带局部源的

退化抛物方程(渗流方程)解的爆破性.在文献[7]中,作者研究了带局部源的退化和奇异的抛物方程解

的爆破性.在文献[8]中,作者研究了带局部源的弱耦合退化和奇异抛物方程组整体解的存在性和解的

爆破性.受以上文献的启发,本文讨论下列方程组:

 

ut-(xαux)x =emu(x0(t),t)+nv(x0(t),t),x∈(0,a),t>0;

vt-(xβvx)x =epu(x0(t),t)+qv(x0(t),t),x∈(0,a),t>0;

u(0,t)=u(a,t)=v(0,t)=v(a,t),t>0;

u(x,0)=u0(x),v(x,0)=v0(x),x∈(0,a)

ì

î

í

ï
ïï

ï
ïï .

(1)

其中:x0(t)∶R+→(0,a)是Hölder连续的;初值u0(x),v0(x)∈C2+γ([0,a])在γ∈(0,1)时为非负非

平凡函数,并且满足相容性条件;m、n、p、q是正实数;T>0;a>0;α,β∈[0,2),为常数.令D=(0,a),

Ωt=D×(0,t],췍D 和췍Ωt 是闭区域.当x趋于0时,ux,uxx 和vx,vxx 的系数可能趋于0或者 ∞,所以方

程组(1)是退化和奇异的.
问题(1)不仅可以用于描述带有内部局部源项的几何体的热传导问题[9],还可以用于描述某些动

力系统发生在一点、几点甚至某曲线处的物理现象[10-11],因此研究问题(1)具有重要的现实意义.

1 比较原理

为讨论问题(1)的非负古典解的唯一性,首先给出问题(1)上下解的定义.
定义1 称非负函数(u(x,t),v(x,t))为问题(1)的上解,如果(u(x,t),v(x,t))∈[C([0,a]×[0,

T))∩C2,1((0,a)×(0,T))]2 且满足

 

ut-(xαux)x ≥emu(x0(t),t)+nv(x0(t),t),(x,t)∈(0,a)×(0,T);

vt-(xβvx)x ≥epu(x0(t),t)+qv(x0(t),t),(x,t)∈(0,a)×(0,T);

u(0,t)≥0,u(a,t)≥0,v(0,t)≥0,v(a,t)≥0,t∈(0,T);

u(x,0)≥u0(x),v(x,0)≥v0(x),x∈[0,a]

ì

î

í

ï
ïï

ï
ïï .

(2)

类似地,如果(u(x,t),v(x,t))∈[C([0,a]×[0,T))∩C2,1((0,a)×(0,T))]2 满足问题(2)的反向不

等式,则称其为问题(1)的下解.
引理1 令μi(t),νi(t)(i=1,2),λi(x0(t),t),θi(x0(t),t)(i=1,2)是定义在[0,r]上的非负连续

函数,其中r∈(0,T).令(u(x,t),v(x,t))∈[C(췍Ωr)∩C2,1(Ωr)]2 满足:

 

ut-(xαux)x ≥μ1(t)λ1(x0(t),t)u(x0(t),t)+ν1(t)θ1(x0(t),t)v(x0(t),t),

  (x,t)∈(0,a)×(0,T);

vt-(xβvx)x ≥μ2(t)λ2(x0(t),t)v(x0(t),t)+ν2(t)θ2(x0(t),t)u(x0(t),t),

  (x,t)∈(0,a)×(0,T);

u(0,t)≥0,u(a,t)≥0,v(0,t)≥0,v(a,t)≥0,t∈(0,T);

u(x,0)≥0,v(x,0)≥0,x∈[0,a],
则有u(x,t)≥0,v(x,t)≥0,(x,t)∈[0,a]×[0,T).

证明  如果(w(x,t),z(x,t))∈[C(췍Ωr)∩C2,1(Ωr)]2 满足:

11
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wt-(xαwx)x ≥μ1(t)λ1(x0(t),t)w(x0(t),t)+ν1(t)θ1(x0(t),t)z(x0(t),t),

  (x,t)∈(0,a)×(0,T);

zt-(xβzx)x ≥μ2(t)λ2(x0(t),t)z(x0(t),t)+ν2(t)θ2(x0(t),t)w(x0(t),t),

  (x,t)∈(0,a)×(0,T);

w(0,t)≥0,w(a,t)≥0,z(0,t)≥0,z(a,t)≥0,t∈(0,T);

w(x,0)>0,z(x,0)>0,x∈[0,a

ì

î

í

ï
ï
ï
ïï

ï
ï
ï
ï ],

(3)

则

 w(x,t)≥0,z(x,t)≥0,(x,t)∈Ωr. (4)

令w(x,t)=u(x,t)+ηect,z(x,t)=v(x,t)+ηect,其中η(η>0)充分小,C是待定的常数,则在Ωr 边

界上有w(x,t)>0,z(x,t)>0,且

 

wt-(xαwx)x -μ1(t)λ1(x0(t),t)w(x0(t),t)-ν1(t)θ1(x0(t),t)z(x0(t),t)≥
  ηect(c-μ1(t)λ1(x0(t),t)-ν1(t)θ1(x0(t),t));

zt-(xβzx)x -μ2(t)λ2(x0(t),t)z(x0(t),t)-ν2(t)θ2(x0(t),t)w(x0(t),t)≥
  ηect(c-μ2(t)λ2(x0(t),t)-ν2(t)θ2(x0(t),t)).

令c1= max
t∈[0,r]

μ1(t)λ1(x0(t),t)+ν1(t)θ1(x0(t),t[ ]),c2= max
t∈[0,r]

μ2(t)λ2(x0(t),t)+ν2(t)θ2(x0(t),t[ ]),

并取c=maxc1,c[ ]2 ,则由式(3)和式(4)可知,w(x,t)>0,z(x,t)>0,(x,t)∈[0,a]×[0,r].当

η→0+ 时,可得u(x,t)≥0,v(x,t)≥0,(x,t)∈[0,a]×[0,r].再根据r∈(0,T)的任意性知引理1
成立.

引理2 假定(u,v)是问题(1)的非负解,若非负函数(w(x,t),z(x,t))∈[C(췍Ωr)∩C2,1(Ωr)]2 满足

 

wt-(xαwx)x ≥ (≤)emw(x0(t),t)+nz(x0(t),t),(x,t)∈(0,a)×(0,r);

zt-(xβzx)x ≥ (≤)eqz(x0(t),t)+pw(x0(t),t),(x,t)∈(0,a)×(0,r);

u(0,t)≥ (=)0,u(a,t)≥ (=)0,v(0,t)≥ (=)0,v(a,t)≥ (=)0,t∈(0,r);

u(x,0)≥ (≤)u0(x),v(x,0)≥ (≤)v0(x),x∈[0,a

ì

î

í

ï
ïï

ï
ïï ],

(5)

则(w(x,t),z(x,t))≥ (≤)(u(x,t),v(x,t)),(x,t)∈[0,a]×[0,T).式(5)中r∈(0,T).
证明 首先证明“≥”的情况.令ϕ1(x,t)=w(x,t)-u(x,t),ϕ2(x,t)=z(x,t)-v(x,t),并将方

程(5)减去问题(1),则根据中值定理有:

 ϕ1t-(xαϕ1x)x ≥emw(x0(t),t)+nz(x0(t),t)-emu(x0(t),t)+nv(x0(t),t)=emw(x0(t),t)+nz(x0(t),t)-
  emu(x0(t),t)+nz(x0(t),t)+emu(x0(t),t)+nz(x0(t),t)-emu(x0(t),t)+nv(x0(t),t)=enz(x0(t),t)[emw(x0(t),t)-emu(x0(t),t)]+
  emu(x0(t),t)[enz(x0(t),t)-env(x0(t),t)]=enz(x0(t),t)memη1ϕ1(x0(t),t)+emu(x0(t),t)nenη2ϕ2(x0(t),t)=∶
  μ1(t)λ1(x0(t),t)ϕ1(x0(t),t)+ν1(t)θ1(x0(t),t)ϕ2(x0(t),t),

 ϕ2t-(xβϕ2x)x ≥eqz(x0(t),t)+pw(x0(t),t)-eqv(x0(t),t)+pu(x0(t),t)=eqz(x0(t),t)+pw(x0(t),t)-
  epw(x0(t),t)+qv(x0(t),t)+epw(x0(t),t)+qv(x0(t),t)-eqv(x0(t),t)+pu(x0(t),t)= eqz(x0(t),t)-eqv(x0(t),t( )

) epw(x0(t),t)+
  epw(x0(t),t)-epu(x0(t),t( )

) eqv(x0(t),t)=epw(x0(t),t)qeqη3ϕ2(x0(t),t)+eqv(x0(t),t)pepη4ϕ1(x0(t),t)=∶
  μ2(t)λ2(x0(t),t)ϕ2(x0(t),t)+ν2(t)θ2(x0(t),t)ϕ1(x0(t),t).

其中η1 和η3 是u和w 的中间值,η2 和η4 是v和z的中间值.由上述可知ϕ1(x,t)和ϕ2(x,t)满足:

 ϕ1t-(xαϕ1x)x ≥μ1(t)λ1(x0(t),t)ϕ1(x0(t),t)+ν1(t)θ1(x0(t),t)ϕ2(x0(t),t),

  (x,t)∈(0,a)×(0,r);

 ϕ2t-(xβϕ2x)x ≥μ2(t)λ2(x0(t),t)ϕ2(x0(t),t)+ν2(t)θ2(x0(t),t)ϕ1(x0(t),t),

  (x,t)∈(0,a)×(0,r);

 ϕ1(0,t)≥0,ϕ1(a,t)≥0,ϕ2(0,t)≥0,ϕ2(a,t)≥0,t∈(0,r);

 ϕ1(x,0)≥0,ϕ2(x,0)≥0,x∈[0,a].

21
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对任意r∈(0,T),由引理1知(ϕ1(x,t),ϕ2(x,t))≥(0,0),所以在[0,a]×[0,T)上有w(x,t)≥
u(x,t),z(x,t)≥v(x,t).因“≤”的证明与“≥”的情况类似,故省略.综上,引理2得证.

2 解的有限时间爆破性

令u
-
(x,t)=u

-
(t)=∫

t

0
emu(x0(s),s)+nv(x0(s),s)ds,u- =u

- +C0,v-(x,t)=v
-
(t)=∫

t

0
epu(x0(s),s)+qv(x0(s),s)ds,

v- =v
-+C0,其中C0= u0 ∞ + v0 ∞.对t求导得:

 u
-t-(x

αu
-x)x =u-t-(xαu-x)x =emu(x0(t),t)+nv(x0(t),t)=ut-(xαux)x,

 v
-t-(x

βv
-x)x =v-t-(xβv-x)x =epu(x0(t),t)+qv(x0(t),t)=vt-(xβvx)x.

因为u
-
(x,0)=0≤u0(x)≤u-(x,0),v

-
(x,0)=0≤v0(x)≤v-(x,0),则根据最值原理可知,只要(u,v)

存在,就有u
- ≤u≤u- 和v

- ≤v≤v-.特别地,u
-
(t)≤u(x0(t),t)≤u-(t),v

-
(t)≤v(x0(t),t)≤v-(t).

定理1 假定(u,v)是问题(1)的非负解,则(u,v)在有限时刻爆破,且爆破集为(0,a).
证明  由 (u,v)≥ (u

-
,v
-
)有:u

-t =emu(x0(t),t)+nv(x0(t),t) ≥ emu
-
(t)+nv

-
(t) ≥ env-(t),t > 0;v-t =

epu(x0(t),t)+qv(x0(t),t)≥epu-
(t)+qv-

(t)≥epu-
(t),t>0,所以(u

- +v
-
)t ≥ekv-(t)+eku-(t)≥2ek(u-+v

-
)/2,其中k=

minn,( )p .进而可得- e-k(u
-
+v
-
)/

( )2 t=k
2e

-k(u
-
+v
-
)/2(u

-+v
-
)t≥c,t>0.对上述不等式从0到t进行积分,

可得t≤C1-C2e-k(u
-
+v
-
)(t)/2≤C1.该结果表明(u

-+v
-
)在有限时间内.再由u

-≤u,v
-≤v可知,(u,v)在

有限时间爆破,且爆破集为(0,a).

3 解的同时爆破性

为了证明问题(1)的解存在全局爆破和爆破集,本文假设:
(H)α,β∈(0,1),且对于常数M1 和M2 有(xαu0x)x ≤M1,(xαv0x)x ≤M2,x∈(0,a).

以下用T表示(u(x,t),v(x,t))的爆破时间,并且令g1(t)=emu(x0(t),t)+nv(x0(t),t),G1(t)=∫
t

0
g1(s)ds;

g2(t)=epu(x0(t),t)+qv(x0(t),t),G2(t)=∫
t

0
g2(s)ds.

引理3 令假设(H)成立,则问题(1)的解(u(x,t),v(x,t))满足

 (xαux)x ≤M1,(xαvx)x ≤M2,(x,t)∈(0,a)×(0,T). (6)
证明  因引理3的证明与文献[8]中的证明类似,故略.
引理4 令假设(H)成立,并假定问题(1)的解(u(x,t),v(x,t))在有限时刻T 同时爆破,则

 lim
t→T

G1(t)=∞,lim
t→T

G2(t)=∞.

证明  因引理4的证明与文献[8]中的证明类似,故略.
引理5 令假设(H)成立,并假定问题(1)的解(u(x,t),v(x,t))在有限时刻T 同时爆破,则

 lim
t→T

u(x,t)
G1(t)=1,lim

t→T

v(x,t)
G2(t)=1 (7)

在任意子集 c,[ ]d ⊂ (0,a)一致成立.
证明  因引理5的证明与文献[8]中的证明类似,故略.
定理2 假定(u,v)是问题(1)的非负解,则以下结论成立:
(i)当p≥m,n≥q时,u和v 同时爆破;
(ii)当p<m ,n≥q时,或者p≥m,n<q时,u和v 不同时爆破.
证明 i)假定u在有限时刻T 爆破,而v在(0,a)×(0,T)上保持有界,则下列式子在(0,a)上的任

意子集一致成立:
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 G′1(t)=g1(t)=emu(x0(t),t)+nv(x0(t),t)≅emG1(t)+nv(x0(t),t),t→T;

 G′2(t)=g2(t)=epu(x0(t),t)+qv(x0(t),t)≅epG1(t)+qv(x0(t),t),t→T.
由于u0(x),v0(x),v(x,t)是(0,a)×(0,T)上的有界非负函数,所以存在4个正的有界函数ki(t),

i=1,2,3,4,且同时有

 k1(t)emG1(t)≤G′1(t)≤k2(t)emG1(t),t→T;

 k3(t)epG1(t)≤G′2(t)≤k4(t)epG1(t),t→T. (8)
由式(8)可得

 k0e(p-m)G1(t)≤dG2(t)
dG1(t)≤

k4(t)
k1(t)

e(p-m)G1(t), (9)

其中k0= inf
t∈(0,T)

k3(t)
k2(t)>

0.在(t1,t2)(0≤t1 <t2 ≤T)上对式(9)进行积分可得:

 k0
p-m e(p-m)G1(t2)-e(p-m)G1(t1[ ]

) ≤G2(t2)-G2(t1),p>m; (10)

 k0 G1(t2)-G1(t1( ))≤G2(t2)-G2(t1),p=m. (11)
注意到lim

t→T
G1(t)=∞.令式(10)和式(11)中的t2 →T,则可得lim

s→T
G2(s)=∞.进而根据式(6)和

 v(x,t)-v0(x)=∫
t

0
(xαvx(x,s))xdt=G2(t),(x,t)∈(0,a)×(0,T)

可得lim
t→T

v(x,t) ∞ =∞,这与假设v在(0,a)×(0,T)上有界相矛盾.

假定v在有限时刻T 爆破,u在(0,a)×(0,T)上保持有界,则当n≥q时利用类似于上述的方法可

得到u和v 同时爆破.
ii)首先考虑p<m 和n≥q的情况.假设v在有限时刻T 爆破,则由定理1可得:

 u
-t=e

mu(x0(t),t)+nv(x0(t),t)≥emu
-
(t)+nv

-
(t),t∈(0,T);

 v
-t=e

pu(x0(t),t)+qv(x0(t),t)≥epu-
(t)+qv-

(t),t∈(0,T). (12)

因v
- =v--C0,u- =u- -C0,于是可得:

 u
-t=u-t≤em(u

-
(t)+C0)+n(v-

(t)+C0)=e(m+n)C0emu
-
(t)+nv

-
(t),t∈(0,T);

 v
-t=v-t≤ep(u-

(t)+C0)+q(v-
(t)+C0)=e(p+q)C0epu-

(t)+qv-
(t),t∈(0,T). (13)

由不等式(12)和(13)可得ce(m-p)u-+
(n-q)v- ≤

du
-

dv
-

≤Ce(m-p)u-+
(n-q)v-,t∈(0,T),即

 ce(n-q)v-dv
- ≤e

(p-m)u
-du

- ≤Ce(n-q)v-dv
-
,t∈(0,T). (14)

当p<m 和n>q时,在 0,[ ]t 上对式(14)进行积分可得

 c
n-q

e(n-q)v- -( )1 ≤ 1
p-m e

(p-m)u
- -( )1 ,t∈(0,T). (15)

因为u
- ≤u≤u

-+C0,v-≤v≤v
-+C0,所以若u也在有限时刻T 爆破,则当t趋于T 时不等式(15)出

现矛盾,所以u和v 不同时爆破.
当p<m 且n=q时,式(14)等价于cdv

-≤e
(p-m)u

-du
-≤Cdv

-
,t∈(0,T).对该式从0到t进行积分得

 cv
-
(t)≤ 1

p-m e
(p-m)u

- -( )1 ,t∈(0,T). (16)

由上述证明可知,如果u
-
和v

-
在有限时刻T 爆破,则由不等式(16)可推出矛盾,所以u和v不同时

爆破.当p≥m,n<q时,采取同样的方法可得到u和v 不同时爆破.综上,定理2得证.

4 解的爆破速率

定理3 假定(u,v)是问题(1)的古典解,且(u,v)在有限时间T爆破.若α,β∈ 0,( )1 且对于常数

M1 和M2 有(xαu0x)x ≤M1,(xαv0x)x ≤M2,x∈(0,a),则下列结论成立:
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(i)当p>m≥0且n>q≥0时,则lim
t→T

u(x,t)
ln(T-t) = n-q

np-mq
,lim

t→T

v(x,t)
ln(T-t) = p-m

np-mq
;

(ii)当p>m≥0且n=q≥0时,则lim
t→T

u(x,t)
lnln(T-t) = 1

p-m
,lim

t→T

v(x,t)
ln(T-t) =1q

;

(iii)当p=m≥0且n>q≥0时,则lim
t→T

u(x,t)
ln(T-t) =1m

,lim
t→T

v(x,t)
lnln(T-t) = 1

n-q
;

(iv)当p=m≥0且n=q≥0时,存在常数C(C>0)使得:

 -cln(T-t)-C≤u(x,t)≤-Cln(T-t)+C,x∈(0,a),t→T;

 -cln(T-t)-C≤v(x,t)≤-Cln(T-t)+C,x∈(0,a),t→T.
证明 由定理2的证明可知,u和v 在同一时刻T 爆破.由引理5可得:

 lim
t→T

um(x,t)
Gm
1(t)

=lim
t→T

vn(x,t)
Gn
2(t)

=lim
t→T

up(x,t)
Gp
1(t)

=lim
t→T

vq(x,t)
Gq
2(t)

=1; (17)

 0≤u(x,t)
G1(t)≤

C,0≤v(x,t)
G2(t)≤

C; (18)

其中C>0,x∈(0,a),t足够接近于T.由式(17)可得:

 G′1(t)=g1(t)=emu(x0(t),t)+nv(x0(t),t)≅emG1(t)+nG2(t),t→T; (19)

 G′2(t)=g2(t)=epu(x0(t),t)+qv(x0(t),t)≅epG1(t)+qG2(t),t→T. (20)

联立式(19)和式(20)可得

 dG1(t)
dG2(t)≅

e(n-q)G2(t)

e(p-m)G1(t)
,t→T. (21)

i)由式(21)可得:

 eG1(t)≅
(p-m)
(n-q

é

ë
êê

ù

û
úú)

1
p-m

e
(n-q)
(p-m)G2(t),t→T; (22)

 eG2(t)≅
(n-q)
(p-m

é

ë
êê

ù

û
úú)

1
n-q
e
(p-m)
(n-q)G1(t),t→T. (23)

再由式(18)、(20)、(22)和式(23)可得:

 G′1(t)≅emG1(t)+nG2(t)≅emG1(t)
(n-q)
(p-m

é

ë
êê

ù

û
úú)

n
n-q
e

p-m
n-qnG1(t)=

(n-q)
(p-m

é

ë
êê

ù

û
úú)

n
n-q
e

np-mq
n-q G1(t),t→T; (24)

 G′2(t)≅epG1(t)+qG2(t)≅eqG2(t)
(p-m)
(n-q

é

ë
êê

ù

û
úú)

p
p-m

e
n-q
p-mpG2(t)=

(p-m)
(n-q

é

ë
êê

ù

û
úú)

p
p-m

e
np-mq
p-m G2(t),t→T. (25)

在(t,T)上对式(24)、(25)进行积分可得:lim
t→T

G1(t)
ln(T-t) = n-q

np-mq
,lim

t→T

G2(t)
ln(T-t) = p-m

np-mq
.

再由式(7)即可得结论(i)成立.
ii)由式(8)得

 1
p-me

(p-m)G1(t)≅G2(t),t→T. (26)

再联立式(26)和(20)得G′2(t)≅epG1(t)+qG2(t)≅ (p-m)
p

p-meqG2(t)G2(t)
p

p-m.在(t,T)上对上式进行积分

可得

 ∫
T

t
e-qG2(s)G2(s)

-p
p-mdG2(s)≅ (p-m)

p
p-m(T-t),t→T. (27)

因为q>0,积分∫
T

t
e-qG2(s)G2(s)

-p
p-mdG2(s)是收敛的,lim

t→T∫
T

t
e-qG2(s)G2(s)

-p
p-mdG2(s)=0,且同时注意到

lim
G2→∞

∫
∞

G2
e-qττ

-p
p-mdτ

e-qG2G
-p

p-m
2

=lim
G2→∞

-e-qG2G
-p

p-m
2

-p
p-mG

-p
p-m-1
2 e-qG2 -qe-qG2G

-p
p-m
2

=lim
G2→∞

1
p

p-mG-1
2 +q

=1q
,所以有
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 ∫
T

t
e-qG2(s)G2(s)

-p
p-mdG2(s)≅ 1q

e-qG2(s)G2(s)
-p

p-m,t→T. (28)

由式(27)和式(28)可得

 1
q
e-qG2(s)G2(s)

-p
p-m ≅ (p-m)

p
p-m(T-t),t→T. (29)

由式(29)可知,当t→T 时有v(x,t)~G2(t),所以e-qv(x,t)v(x,t)
-p

p-m ≅q(p-m)
p

p-m(T-t),t→T,

即lim
t→T
eqv(x,t)v(x,t)

-p
p-m(T-t)=1q

(p-m)
-p

p-m,t→T.当n=q时,v(x,t)~G2(t)在(0,a)的任意子

集一致成立.再由式(26)和式(29)可得:

 epG1(t)≅ (p-m)
p

p-mG2(t)
p

p-m,t→T;

 eqG2(t)≅ 1q
(p-m)

-p
p-mG2(t)

-p
p-m(T-t)-1,t→T.

由上述2个式子可得G′2(t)≅epG1(t)+qG2(t)≅ 1q
(T-t)-1,t→T.在(0,t)上对该式进行积分可得

G2(t)≅ 1q
ln(T-t),t→T.再由式(7)和n=q>0可知结论(ii)得证.

iii)(iii)的证明与(ii)的证明类似,故略.
iv)由p=m≥0,n=q≥0和式(14)可得cv

-
(t)≤u

-
(t)≤Cv

-
(t).再由v

-
(t)≤v(x,t)≤v

-
(t)+

C0 可得c1ec2v-(t)≤v
-t
(t)≤C1eC2v-

(t).对上式从t到T 积分得:

 -cln(T-t)-C≤v
-
(t)≤-Cln(T-t)+C,t∈(0,T). (30)

因v
- ≤u

- ≤Cv
-
,则由式(30)即可得到u

-
的估计.因lim

t→T

u(x,t)
u
-
(t) =lim

t→T

v(x,t)
v
-
(t) =1,因此结论(iv)得证.
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