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Existence of solutions for boundary value problems with
a coupled system of fractional g-differences

SUN Mingzhe, HOU Chengmin
( Department of Mathematics, College of Science, Yanbian University, Yanji 133002, China )

Abstract: We study the existence of positive solutions for a fractional g-difference system with a fractional
boundary condition. Firstly, expressions of the solutions are presented. and properties of the Green function
are analyzed. Secondly, the existence and uniqueness of the positive solutions of the problem are proved by
basic fixed point theorem. Finally, the main conclusions are verified by some specific examples.

Key words: fractional g-differences; boundary value problem; positive solution

gL X T 12 R e B AR AT B T o A Y. 1910 4F, Jackson™ BB H A
T ¢ MBS &, 2 5 Al-Salam™ il Agarwal™ 433 45 T 0 B g~ TR 40 () 6 A E 8 R B AR 1
]I g R 43 B L AR B A5 B 1 R BT i 2 e L T AR A BB g 22 43 i (L IR) LA S O RF 5T 1)
ZEIE NN EE T EA T — @ MBS . SCERC11 ] B3 T AR B 4 R 46
(D) () 4 f(arv(a) =0, 0 < o<1, 1 < a<2;
J(D%)(f) +gu(a) =0, 0 < 2 <1, 1 <B< 25
VO) =0, u(1) =au(@;
0(0) =0, o(1) =b0(&); 0<a, b<1,0< &< 1
MY IEfR. 32 SCRRC1L ] 5 & A SCHHE TAEL M 8 ¢ 20 R4

WRBAH: 2014 -12-15 E&WE: SMEAHUFT+ 2R HORTT R E G5 B8RS 7201414 20 5)
YEE B AT VIR (1979—) . 2 YR . B 52 0 1) S ooy O AR FRE



%1 PNUIHT L 45 . — 28 BB g2 70 22 48 1 TR A 49 A7 78 4 11

(DPo) (1) + gt ut)) =0, 0 <t << 1;
k(o> —Du(0) =0. Du(1) =&
0(0) =D,0(0) =0, Dju(l) =y
1 IE A PO A AE M A E— k. o 2 <o, B<C3, 1 <<u<C2, £,9>0, f,g:[0,1]X [0, +0c0) > [0, +0)
Syl 3% B R AR

J(D‘;u)(t) + () =0, 0 << 1

@y

1 &R

E N 1 [a]qzi,aGR,qe(Oyl).

1
1
EX 2™ W R R Ca — 0" 1 q—ZUE X h

(a—H0 =1, (a—b)™ =a"]_[(a— bg"), n €N, a,b €ER;
2=0

(a—b) =a" 4 /)ql s a ER,FEHIHL, b =0 B o' =a".
n=0 aibqa !
_— [s] ( q)( —1)
EX 3 g T RBUE XN T, () =———, 2 €R\{0, — 1, —2,+}.

a—-
MEX35H, (x+ 1) =[x],T, ).

FENAY R SO 1R HCE LR (D) (o >_w, (D,f)(0)=lim(D, ) 2.

KRB F IS - EE XK (D) () = f(x), (Dif)(x) =D, (D' f)(x), n EN.
EX S R (o) EIXE[L0.6] BRI g-FareE LR

(1, (o) :J"'fmdqf — 21— > flagDg"s = €[0.6].
FRE S AEXBEL0.0] W g B AEAE . A

b b a

Jf(z)dqt =J f(oHdz —J fWdit, a €[0,6];

(I3 ) ()= f(x), (IifH()=I1,I7"fH(x), n €N,
MR 1S (DI, ) () =f(x), (I,D,f)(x) = f(x)— f0) (f(x) fE x =0 b&EED).
MER2Y [a—9]Y =a"(t—9“, D,(t—) =[al,(t—5)",

D, (t—=—[a], t—gs)“", (_D J Sf(x.0)de) () —j D f(x.0dgt + f(gx,x).

0
XH,D, R 5EE T H KW q—FE.
BRI e >0, a<<b<t, MGt—a)® = Gt—0.
EMX 6 ¥ Riemann-Liouville BBy ¢—F 40 & L H

(e fH)(x) =

) _ (a1
e )J (x—q)“ " fWdt, a >0, x €[0,1],

Hrr f(2) B LAELOL 1] By eREl, e (1o ) (o) = f(2).
EX 7% % Riemann-Liouville B K -8 50E LR
(Def) () =Dy fH(x)s a >0, x €[0,1],
Hrr () B LAELOL 1] B RS BE (DY) (2) = f(2) s m BA/NT o B/ NEEEL.
MR 4 B a.p=0. f() & XAELO 1] by sl
@ CBIef) () =P f) ()



12 I 0 R A CE AR BE RO 5541 3%

@ (DyIsf) () = ().
MRS o >0, p SRIEEEL W

1 et .
a b — PTa £ . - k
(I:D? f)(x) = (DLISf) () ;} Fq(aﬂipﬂ)(l)qf)(m.
MR 6 Ha&R,AE( 1,00,

rL,a+1D
Li@+a+D

S5/ 17 & ER— Banach %[, CS EZ& B B — MR U Z2E T CHIFE.H o €U,
T:U—->CR-MNESERT IRLE T _HZ 0L

OHEFTHU LHARAE;

QO uecIU, A €(0,1) FH u=2Tu.

Lz —a)?) = (r—a)“™,0<<a<x<bh

2 FEHRRKHIEMR

% 8T
(D)@ + 3 =0, 0 <1< 1

(2)
1u(0) = (D) (0) =0, (D) (1) =£ = 0.
ETE1 % yeClo,1] H2<a<3, B4 ult) ZME2) Y HALY «(o) HLTFER:
1
u(e) :h(z‘)JrJ G, (t,qs)y(s)d, s. (3)
0
BH A =M5t“' ,t€[0,1],
r,(a)
1 J(l — )l — =), 0 s <L <L 1;
Gy (t,s) =

T () [(1— e, 01 <s< 1.
WEBR B w(o) SEMIE2) BIfF, hE L7 FIPERT 5 f
u@®) =Cit' +Cot > +Cst° — I'y (D), C,,C,,Cy ER.
A A «(0) =0, (D) (0) =0 fif# 45 C; =0, C, =0. ST 4 LT 6 A L 7 "l A

I, (a) - 1 J’ o)
—r = vt = —qs) Dd, s,
I',(a —v) it I,a—v)Jo (t—qs) y(s)d, s

AL AE A (Do) (1) =& 153
(;l:r‘q(()(*!))[éJF 1 J‘l (l_qs‘)(al}])y(s’)dqu,

(D) (1) =

r, () (e —wv)Jo
NI}
. :Fq(a*U) a1 ! J.1 N O DI 1 J.r o@D (e -
u(t) T, (@) &t Jrl—‘,,(a) , (1—gs) y(s)d, s T () (t—qs) y(s)d, s

1
h(t)+J G, (t,qs)y(s)d, s,
0
_Iyla—wv) . . N
Hop h(0) ==&t SRR ECH
I, (a)
| A= e ==t 0 s <1< 1
L(a) |(1— e, 0 <s< 1.
2R w() i e (3) A HEHE Y w (o) JEMRBU(2) Ay . JIE 5.

HI@?”H]‘]%‘J(D%)(Z) +g(t,u(t)) =0, 0 <<t <<
G 1RGSR
T 00) = D) =0, D) =y

(;] (fyS) -

1;
iR IE =R



%1

INUIEE S5 L — K AP BO g2 4 2R 30 1A B AR 1 47 A 13
1
(‘)*Tgw;) S <B>J (1—g) " g(sauls)d, s —
t 1

T %B)J (t*qs)(’H)g(squ(s))dqs:k(t)+J Gy (t.qs)g(s u(s))d, s,

" 0 0
s p ~ DB o oy L [ATOTTImGm R 0 ss i< L,
H n=DdB=v , Les) =—— ts

r,@ 1 YT e, o< <5< 1 I
S) —(Gl(t’qs)’Gz(tqu)) ﬂ‘jjﬂﬁl\[ﬂ@(l) E‘J*ﬁ?ﬂ‘@ﬁ-

T2 MK G(r.s) BA T PER .

DGt,ys) =0, X—Y t,s €[0,1];

@ G(t.s) < GUus) Mf—W t.s €[0,1].

ER G GG, 7EL0.1] X [0,1] F2EZM. FHuEM Gy (r,s) =0, id
g1 (tys) =1 — )Vt — (¢ —

D0 s << 1
g (ty) =1 — et o<l r s < 1.

= 0. M BT 2 FPET 3 Af 45
g1 (tes) = (1 — §) (v gt

1) %B—L]J gZ(tvS)

(4 — )@ = (] — )@ Dyl (] — %
— (1 —s)« P,

PR <<v<<2.8AFA—9C"

Y e el >
=
ZQ71 [(1 _ S)(a*u*l)

too 1— n
7(175)(a*1):]i[ sq

ﬁ*ﬂ ,ﬂ = 0. TR [ 5
s €[0,1], Gy (zy5) = 0.

[ FER]H G, (t45) =0, B G(z,5)

2) S0 g, (tses) FEXE] 0 <<t <<
UERH i P AT 15,

1

> 0. ﬁEblﬁ

s<< 1 EXFTREER s &R T ¢ B . AR 2. 28007 D 1)
Dygi ()= [a—1], A= V2 —[a—1],G— 92 = ¢ [¢—1],[A - —
)( Pl >t le— 1A =" = A —9“?]>0. L g (z,5) FEX[A] 0 << <1 EbXf
TFEER s BXRT o PPN G (L, <G (1,s).

I_JIET%D Gz(las> < Gz(175>9 EI] G(Zas) < G(le) BEJ‘ 'LIE

ATV [R] (1) A 0 A7 AE 2 T — P
X X={u() |u(t) €C[0,1]

b | s =max| w0 |5 Y={o() o0 €CL0.1]

LoL 170},
WE ] o | Y_f?oaﬁ‘vm s X F (@) 0(@) € X XY, RYEEL || (wso) | vy =max{ Jull xs [ o]y
WP={(u,v) €EXXY|u

0,v =0}, A4
T3

)
#HE P C X XY.
&f([av)vg([9u)7\5

?j;lél/J WA ,v()) € X XY BB ERED) 5/#Y B ALY
Ju(t)—h(z‘)—l—J G, (t.qs) f(s,u(s))d, s
Cue) su(t)) GXXY%\I

1 .
v(t):k(t)JrJOGz(z‘,qs)g(s,u(s‘))d \

R a1 HAEM 3G, FE L WHE T T: X XY > XXY, Hrf
T(u,v)(t)—(h(z‘)—l—J:Gl(z‘,qs)f(t,v)dqs,k(t)—Q—J;Gg(t g9 g(sd, s) = (Tyo.Tow). (4)
S AL AT I 01 I e S A 5 7 ) =W IS B R (= R 1B G D 2

T T:P— PREERELM.
HEFA

Wlu,v) EP, T G(tyqs),s f(tyv)s g(tyu) BAEMBELRE . HNNWE T T: P> P RiES:



14 I 0 R A CE AR BE RO AL %

. QR PMAERTEBFELEFE L >0, XF Vo) € || (wso) | < h BT B
M=max{|f(t,0)|:0<t <1, 0<v<h},
N=max{| gt |:0<r<1.0<u<h}, (5
i

1
| Tyo() | = H Gy (tyqs) f(syo(s)d, s +h(D) ‘ <
0

I, (a—v

1 1
MJ G, (1.gs)d, s + )ngJ G (1.gs)d, s + A,
0 I, (a) 0

"1
| Tou(t) | = ‘J Gy (t,qs)g(s uls)d, s + k() ‘ <

! TG J L
NJOG2<1,q5>d(,5+7Fq(B) 7<= N| G.(god s +A

SN - Lya—wv), T,(B—v) -

ﬁki,ﬁiA—maX{ @ I3 v}.ﬂ:mﬁ

| T || < max{MJ;Gl(l,qs)dq s—O—A,NJng(l,qs)dqs +A} :
Bl TCQ) —8ER. T G (t.gs) 1E[0,1] X [0.1] %%, H—8Es:, A FREER s € [0.1] Ml
Ve > 0,38 > 0. % Vo, € [0.1] H|to—6]< 8 8. H |G ) —G (t,,qs) | < 1\%
|5 — | < e BT EUR

\Tlvuz)—Tlv(rl)KMJ';\Glm,qs)—Gl(tl,qs>\dqs+As < (A+ De.
e (S E]

1
‘ Tzu(lz) - Tglt([l ) ‘ < NJ ‘Gz([z 9qS> _Gz(II 9(]5)
0

d, s +Ae < (A+ De.
Mt €[00, 1] Bty — 1 [ <o W i1 R* FRROJLE I B AU

d(TCusv) (1) — TCus0) (1)) = /(Tyo(t) — Ty ol D + (Toult) — Toult))? <2 (A+ 1e,
i T(P) MAEEHES. Pl Arzela-Ascoli @I+ T : P— P 25 & E0. IEEE.

S WE o). gaw FE[0.1] X [0, +00) > [0, +00) EiESE, HAFFERE m() > 0. n(t) >0

WA

(H) | fv) — fUo) [ <m@ v, —o |+ £ €[0,1], 0150, €[0, +00);5

(H) |gtsu) — gltsu) | <n(D |us —uy | t €L0,1]% wysuy €0, +00).

"1 "1
I LB E A (1) A ME— 1 1E i 24 HAY Y o= J G (1,gs)m(s)d,s <1, 0= J G, (1,gs)n(s)d, s <1 BT

R W (u,v) €Ps T Gsgs)s f(1,0)s gtsw) BARTATEL KB A T(u,0) () =0, T(P) Z P.

| Tyv, — Tyo ||:rrEax\T]v2 — Tyv \:rrﬁax J G (g f(save) — f(syv) ]d, s | <
te[0,1] 0
JG(I g )m(Hd,s | v —o || <pllv—u|.

A | Tow —Tow || <O w—w | HE || T vv) — T o) || < max(o0) || (w0 —
Cuyso) || BT R —AS B4 WUR. @ 4 1 T 2B R ELN B Banach AZh i@ MAH ¥ TP L
A E— ANl A B2 [R]85 C1) A ME— 1 IF fiFf.
EFE6 WHE .0, gltow FEL0.1] X [0, +00) > [0, +o0) %L, HE .
(Hy) | fGo) [ <a () +a, () | o) |5
(H) | gCoulo) | << b () +b,(0) |ulo) |



%1 PNUIHT L 45 . — 28 BB g2 70 22 48 1 TR A 49 A7 78 4 15

1 1
(H.) A, :J Gy (1.gs)as (d, s < 1, 0 < B, :J Gy (1.gs)a; ()d, s < oo
0 0

1 "1
(HS)AZ :J G2(19q5)bz(5)dqs<l9 O<BZ :J Gz(l,qs)bl(s)dqs<00.
0 0

W2 E R (D B —AIEf# (w0 B

(u0) ECZ{(WU) €P| luv] <maX{Bl+A BZ+A} }

17A1 ’17A2

B +A B, +A
7A1 ’ I*AZ

B 4 C= () €P| [ uvoll < r) ,Arfnr—max{ }.%Xﬂ%ﬁn(@ﬁ%ﬁ
FT:C—>P, NHF(u,v) €C, B || uso | <r, {2

N
1
J Gy (t,qs) f(s,v)d, s + k() ‘<J Gy (1,gs)(a, (s) +a, () |v(s)|[)d, s + A<
0

|| TlvH— max
te[0.1

1 1
J G, (1,gs)a,(s)d, s JrJ Gi(1,gs)a, (Hd,s v | +A=B, +A, || v|| +A <

Fpl, || Tow || <r 8[| TCuso) | <7y TCuso) SC.HEMA A HEF T: C>CRERELN.
2% JE R AE A [R]85
(us0) =T (u,0) s A € (0, 1), (6)
T A €D, B (u,v) £ 6) R AAE, 755

[ wl = AT v =2 max
t€[0,1]

1
J Gy (12g5) f(sao(s))d, s +h (D) ‘ <
0
1 1
J G (1,g5) (ar () + as (9 [ 0(s) | d, S+A=J G (1.gs)ar ()d, s +

"1
J G (1,gs)a,(Hd,s || v +A=B, +A |v| +A<r
0

K. ol = 2Toull <rod || Cuood | <<r X EW (woo) @ 9C, g5 1A T TAEC FAFE
AL IR
Bl BRI fE N

(DE2u) (1) 4 ——L2D

WO+ Jeose] O OSISD
<Dg,5v><r>+{1o+§—o+u<t>}:o,o<z<1; o

w(0) =D, ;u(0) =0, Diiu(l) =¢&;
v(0) =D, ;v(0) =0, Diiv(l) =.

tov(t)

H gk =2.5, =3, ¢q =0.5, v = 1.5, f(, = N L Ll
BARAF @ 2.5, f 3. q 0.5, v L5, flt,0() (1) + | cost|

, gCt,u(t)) =

[10—0— —l—u(z‘)} By suy v, €10, F00), t €10,1], A

‘f(t,vg)—f(t,vl)‘gt‘vg—vl‘, ‘g(l‘yug)—g(t,ul)‘gt‘ug—ul‘,

11
la—v], [a]l,

1
[B—v], [BJ,

S| 1
Jﬂgng Gl(l,qs)d,ISZJ [(1—gs)“" P —(1—gs)“"]d,s= ~ 0.392631 <1;
0 0

1 1
0 QJ G, (1,gs)n(s)d, s <J [(1—gs)® P —(1—¢gs)PP]d, s = ~0.20203<<1.H
0 0

SRR AT 9 2 5 B S R4 BT A A5 BT[] C7) A I — TE fif.
B2 g fE R



16

I 0 R A CE AR BE RO AL %

cost+u(t) F | ftoo() | <t +

E?ﬁiﬁquZZxSy B:2.67 q:O.59 U:1.57 f‘([a'l)(f)):[_’_

(D22 (1) + ¢+ ——1In(1 +0()) =0, 0 <<t < 15
t+1
(DFio) (1) + ¢ +cost+u(t) =0, 0Tt < 1; %)

v(0) =D, 5v(0) =0, Dg;o(1) =y.

t
t+1

In(1+v(0)), gt ul)) =1+

t
t+1

lo() |y | gtsu()) | =" +cost) + |ule) |, FHIHA:

1 1 -
Al :J‘ Gl(l’qs)aQ(S)qu:J I:(liqs)(a*U*l) 7(17qs)(a71)] S qu<
0 0 1+

11
[a—v], [al,

"1 "1
0< By =] Gi(lugoar (d,s = [ [A =g = A= g0 Jsd, s < o=

1
J [AA—gH) P —(Q—gs)“P]d, s = 2~ 0.392 631 << 1;
0

1 1
A, :j Gy (1,90, (s)d, s :J [(1—gs)* P —(1—gs)¥P]d, s =
0 0

11
[B—vl, [8],

1 1
0 < B, :J G, (1.gs)b, (s)d, s :j [ —gs)P P — (1 —gs)PP](s* +coss)d, s << oo,
0 0

~ 0.338477 < 1;

PRI - )AL C8) 3 A A2 B 6 1 BT AT 25 1 o DT TR J8E (8D 28 /AT — A IE fif.

S 3

(1]
(2]
[3]
(4]
[5]
[6]
(7]

[8]

(9]

[10]

[11]

Strominger A. Information in black hole radiation[J]. Phys Rev Lett, 1993,71.3743-3746.
Youm D. g-deformed conformal quantum mechanics[J]. Phys Rev, 2000,62(9):1-9.
Jackson F H. g-difference equations Amer[J]. J Math, 1910,32.:305-314.
Al-Salam W A. Some fractional ¢g-integrals and g-derivatives[J]. Proc Edinb Math Soc, 1966,17:616-621.
Agarwal R P. Certain fractional g-integrals and g-derivatives[]J]. Proc Cambridge Philos Soc, 1969,66:365-370.
Atici F M, Eloe P W. Fractional g-calculus on a time scale[J]. J Nonlinear Math Phys, 2007,14:333-344.
Rajkovie P M, Marinkovi¢ S D, Stankoviec M' S. Fractional integrals and derivatives in g-calculus[ J]. Discrete Math,
2007,1.:311-323.
Rui Ferreira. Positive solutions for a class of boundary value problems with fractional ¢-differences[ J]. Computers
and Mathematics with Applications, 2011,61(2):367-373.
Ahmad B. Boundary-value problems for nonlinear third-order ¢-difference equations[J]. Electronic Journal of Dif-
ferential Equations, 2011,94:1-7.
Zhou W X, Liu H Z. Existence solutions for boundary value problem of nonlinear {ractional ¢-difference equations
[J]. Advances in Difference Equations, 2013,1:1-12.
Wang Jinhua, Xiang Hongjun, Liu Zhigang. Positive solution to nonzero boundary values problem for a coupled
system of nonlinear fractional differential equations[ J]. International Journal of Differential Equations, 2010,
2010:1-13. DOI: 10.1155/2010/186928 .



